Metric and homogeneous structure of closed 

range operators * 

G. Corach, A. Maestripieri and M. Mbekhta 



Gustavo Corach (corresponding author) 

Departamento de Matematica, FI-UBA, 

Paseo Colon 850 

1063 - Buenos Aires, Argentina 

and 

IAM-CONICET, 

Saavedra 15, 

1083 - Buenos Aires, Argentina, 
e-mail: gcorach@fi.uba.ar 



Alejandra Maestripieri 

Instituto de Ciencias, Universidad Nacional de General Sarmiento, 

1613 - Los Polvorines, Argentina 

and 

IAM-CONICET. 

e-mail: amaestri@ungs.edu. ar 



Mostafa Mbekhta 

Departement de Mathematiques, UMR CNRS 8524, Universite Lille 1, 

F-59655 Villeneuve d'Ascq, France 

e-mail: mostafa.mbekhta@math.univ-lillel.fr 



Keywords: closed range, partial isometry, semi-Fredholm operators, positive operators, 
orbits, Moore-Penrose inverse. 

2000 AMS Subject Classifications: Primary 47A53, 15A09, Secondary 22F30, 57S05. 



'Partially supported by CONICET (PIP 2083/00), UBACYT 1030 and ANPCYT (PICT03-9521) 



1 



Abstract 



Let CJZ(7i.,JC) be the set of all bounded linear operators between Hilbert spaces 
TC,IC. This paper is devoted to the study of the topological properties of C1Z(H,1C) 
if certain natural metrics are considered on it. We also define an action of the group 
Qh x Qk on CTZ(H, fC) and determine the orbits of this action. These orbits determine a 
stratification of the set of Predholm and semi-Fredholm operators. Finally, we calculate 
the distance, with respect to some of the metrics mentioned above, between different 
orbits of CJl{H,K,). 

1 Introduction 

Given Hilbert spaces 7i and /C, let C1Z(H, /C) be the set of all bounded linear operators 
from 7i to /C with closed range. This paper is devoted to study a natural homogeneous 
structure on CTZiH, JC). By this, we mean a topology on CTZ(TC, K) and a topological group 
acting continuously on it. Such structure provides many homeomorphisms on CTZ(H,)C) 
which are of great help in order to understand the topology and, eventually, the geometry of 
different parts of the set. Many subsets of CTZ(H, /C) have been studied from a topological or 
geometrical viewpoint: idempotents j!6j . [T7j . orthogonal projections |32]> partial isometries 
ptjj . [Tj, Fredholm and semi-Fredholm operators P, (23, |SZI, [HE], |HI], many classes 
of invertible operators |£], [Sj, [IB]- The main obstruction to study CTZ{H,)C) as a whole, 
with the usual norm topology, is that it is a path connected space: the curve t i— ► tA 
connects every A G C7Z(H, JC) with the zero operator. Thus, this topology is not suitable to 
separate closed range operators which naturally belong to very different families. We shall 
study CK{H,K) with the metric d R (A, B) = (\\A - B\\ 2 + \\P R{A) - P R(B) f) 1 / 2 , where R(C) 
denotes the range of the operator C and Ps denotes the orthogonal projection onto the closed 
subspace S. This metric is finer than the one denned by the operator norm and the map 
A — > Pr(a) is continuous. After collection some notations and preliminary results in section 
2, the third section of the paper is devoted to show many possible choices of equivalent 
metrics with those properties. Some notions like the reduced minimum modulus of an 
operator or the Moore-Penrose generalized inverse, naturally enter into the discussion. The 
fourth section surveys many known (and not so known) topological properties of CTZ(7i, K.) 
and its subsets, using the norm topology and the one defined by d R . The fifth section 
contains a complete description of the homogeneous structure oiCTZ(7i, /C) by the left action 
GhxQkx CK(H, K) CTZ(H, K) which is defined by ((G, H), A) -> GAH~\ for G G Gn, 
H G Gtc, A G C7Z(li.,JC). Here Qu is the group of invertible operators on H, and similarly 
for /C. The orbit Oa = {GAH -1 : G G Qn, H G Qk:} is characterized by three cardinal 
numbers, namely, the nullity n(A) = dimension of the nullspace N(A), the rank r(A) = 
dimension of R(A) and the defect d(A) = dimension of R(A) ± . The same characterization 
has been found by P. R. Halmos and J. McLaughlin [2H] for the set VX(7i, K,) of all partial 
isometries where the group which defines the homogeneous structure is U-j-i x U^, the product 
of the unitary groups of Ti, and /C. The polar decomposition defines a natural retraction 
ClZ{7i, K) — > V1(H, /C) which is also studied in Section 5. A main result in this section is 
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the computation of the distance, for c£r and d^, between two different orbits of CTZ(TC, fC). In 
the last section, we consider the simpler structure of the subset CIZs of all A G C1Z(TC, K) such 
that R(A) is a fixed closed subspace S. As it is usual in this type of problems, the existence 
of continuous local sections of the maps involved, is a relevant question. Its affirmative 
answer for the map Gh x Gk — > Oa, {G, H) — ► GAH^ 1 is a key part in the theorem which 
exhibits Oa as a homogeneous space. Some results of [2, are of great help in order to define a 
local section. Also, the well known geometry of the unitary orbit of an orthogonal projection 
or the congruence orbit of a closed range positive operator, are useful here. The reader 
is referred to |4*2*] . |17j . [Tlj for details on these matters. We intend to proceed with the 
differential geometry of C1Z{TC, KL) elsewhere. 

2 Preliminaries 

Throughout this paper, TC, K denote (complex separable) Hilbert spaces and £(TC, K) is the 
Banach space of bounded linear operators from TC to /C, with the uniform operator norm. If 
TC = /C we write C(TC) instead of £(TC, TC); Gh is the group of invertible operators in C(TC), the 
subgroup of Gh °f a U unitary operators is Un, the cone of positive (resp., positive invertible) 
operators on TC is C{TC) + (resp., G^)- The range or image of C G £(TC, JC) is denoted by R(C) 
and its nullspace by N(C). A partial isometry from TC to /C is an operator V G C(TC,JC) 
such that its restriction to NiV) 1 - is an isometry; equivalently, V*V is idempotent; it follows 
that V*V is the orthogonal projection onto N{V) ± (the initial space of V) and VV* is the 
orthogonal projection onto R(V) (the final space of V). VT = V1(TC,)C) denotes the set of 
all partial isometries from TC to /C and Vh (resp. Vjc) the set of orthogonal projections on 
TC (resp. K). If S is a closed subspace of TC (or K.), P$ denotes the orthogonal projection 
onto S. 

For A G C(TC,K,), the reduced minimum modulus of A is 7(A) = inf{||Ar|| : x G 
N(A) , ||x|| = 1}. It is well known that 7(A) > if and only if R(A) is closed. It holds 
7 (|A|) 2 = 7(A) 2 = 7 (A4*) = 7 (AM) = 7 (A*) 2 = 7(|A*|) 2 . Also if R(A) is closed and 
At is the Moore-Penrose inverse of A, then •y(A) = ||At|| _1 . Recall that A^ satifies the 
following properties, which will be used throughout the paper: CC^C = C, C^CC^ = C\ 
C0 = P R(C) , C^C = P R{ c*)] the range of A^ is A^(C) 1 = R{C)* and its nullspace is 
tyC) 1 = N(C*). 

The following remark will be useful in several proofs of the next sections. 

Remark 2.1. In sections 3 and 4 we study the continuity of the mapping A —>■ A^ where 
different metrics are considered on the set CTZ(TC,JC). In order to do this it is necessary to 
estimate \\A^ - B^\\: observe that A* - = -A\A - B)B^ + A^A*\A* - B*)(I - BB^) + 
(I - A*A)(A* - B*)B**Bi. Therefore 

pt-^H < (ptHII^II + ||A t || 2 + ||Bt|| 2 )||A-.B||. 

Next, we review a notion of angle between closed subspaces. Let M. and M be closed 
subspaces of a Hilbert space TC. Define 

Co(M,Af) = supjj < x,y >\ : x G M,y G Af, \\x\\ = \\y\\ = 1} 
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and 



c{M,M) = sup{| < x,y > \ : x e Mn(M nAf) x ,y eJVn (M n A/")" 1 , = \\y\\ = 1}. 

The angle a(A4,Af) is the number a G [0, 7r/2] such that c(A4,J\f) = cos a. It holds that 
c(M,Af) = \\P M - PtfAl Observe that c(M,Af) = c (M n (jM n A/") x , A/" n (A4 n M) 1 ). 
It holds cq(M,N) < 1 if and only if A4 + N is closed and M n A/" = {0}. Also, A4 + A/" is 
closed if and only if c(A4,J\f) < 1, or equivalently, if ||P^ — Pv±|| < 1, see [THj. The next 
results will be useful in the main theorem of Section 4. 

Proposition 2.2. If Ai and M are closed subspaces of H, then TC — Ad+Afif and only if 
c {M L M L ) < 1. 

Proof. If ft = A4 + A/", then A4 + A/" is obviously closed; then M. 1 - + A/ --1 is closed (see 
P3], Theorem 2.13; or 32J, Theorem 4.8); but also, M ± DAf ± = (M+Af) 1 - = {0}, so that 
cq{M l ,M l ) < 1. Conversely, if (^(A^ 1 , A/"- 1 ) < 1 then A^+A/" 1 - is closed, and then M+N 
is closed; also M L n A/" x = {0}. Then ft = (A^ n A/' ± ) ± = A4 + M (the last equality holds 
precisely because AA. + Af is closed; see [TH], Lemma 2.11, or Theorem 4.8. □ 

Proposition 2.3. Given two operators B, C G C7Z(H,JC) the following conditions are equiv- 
alent: 

V \\Pn(b) — Pn(c)\\ < 1) 

«; ft = at(c) + fl(s t ), 

m; co(iV(B),i2(C7t)) < 1, 

iv(c) = p JV(B) (iv(c)). 

Proof, i) — > m): If i) holds then G = I — Pn(b) + -P/v(c) is invertible so that ft = R(G) = 
N(C) + R(B*). 

ii) -> i) If ft = JV(C) + fl(Bt) then iV(C) + i?(fit) i s c l ose d so that c(N(C), R(B^)) = 
\\Pn(c) ~ Pr^b^W < 1 or equivalently \\P N{C ) - Pn(b)\\ < 1. 
ii) <-> iii) is a corollary of the above proposition. 

ii) <-> iu): If ft = N(C) + R(B^) then N(C) = P N(B) (N(C) + R(B^)) = P N(B) (N(C)). 
The converse is similar. 

□ 

3 The norm topology on C1Z(H, JC) 

In this section we collect several known results about the norm topology on CTZ(H,, JC) and 
include a new result (Theorem 3.8). Recall, from the introduction, that CTZ(7i,K.) is a 
pathconnected space. We define two different metrics on CTZ(7i, JC) which will be the main 
tools for the study of the continuity properties of the Moore Penrose inverse mapping and 
other related mappings, in this and the next sections. 

Given A, B G £(ft, JC), define 
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d R (A, 5) = [\\P R{A) - P R(B) \\ 2 + \\A - B\\ 2 j 

and 

d N (A, B) = (\\P N (A) - Pn ( b)\\ 2 + \\A - BW^ 2 . 
From now on, we shall write dx whenever a result is valid for both d N and d R . 

Remark 3.1. Observe that d R and djy are metrics in C{H,IC) such that: 

i) d N (A*, 5*) = d R (A, 5) and d N (A, B) = d R (A* , 5*); 

ii) d N (A, B) < \\P R{A *) ~ Pr(b*)\\ + \\A - B\\. 

The following lemma relates the reduced minimum moduli of two operators with the 
distances d^ and d R between them. It plays a key role in many computations of the following 
section. 

Lemma 3.2. Consider A, B e C(H, K) . Then 

7 (5) < y/l + >y(B)*d x (A, B) + 7 (A). 

Proof. If 7(5) = both inequalities are trivial. Suppose that 7(5) > 0. Consider first the 
case X — N. Let u G N(A) ± . Observe that 7 satisfies 7(5)11x11 < \\Bx\\, for x G N{B) JL . 
The inequality holds, in particular, for v = (I — Pn(b))u G N(B)- 1 -. Then 

7(5)|M| < 7(S)||u-u|| +7(S)||u|| 

< -f(B)\\u-v\\ + \\Bv\\ 

< 7(B)\\u - u|| + \\Au - Bv\\ + \\Au\\ 

= ( 7 (5) \\P N (A) ~ P N (B)\\ + \\A - B\\) \\u\\ + \\Au\\ 

< x/l+T^) 2 (\\Pn(A) - Pn(b)\\ 2 + \\A - 5|| 2 ) 1/2 || u || + \\Au\\ 
= y/l + i(B)*d N (A,B)\\u\\ + 



Therefore 7(5) < a/1 + 7( J B) 2 rf A r(A, 5) + 7(A) and the inequality holds in the case X = N. 
For the case X = R, observe that, by Remark 3.1 it holds 

7 (5) = 7(5*) < y/l + 7(B)*d N (A*, B*) + 7 (A*), 

so that 7(5) < a/1 + 7(5) 2 rf jR (A, 5) + 7(A), which ends the proof. □ 

Corollary 3.3. Let B G C1Z(7i,lC) and consider A G £(H,JC) such that dx(A,B) < 

^j=m thenAeCn ( n >v and ii^ii<2ii5t||. 

Proo/. If 5 G CK(H,K) and 4(A,5) < ^77=^ then, since 7 (5) = ||^t||-i j 

d x (A, 5)a/1 + 7(5) 2 < 2^1. Thus, applying Lemma 3.2, it follows that 7(A) > 0. Therefore 
A G C1Z(H,1C) and 7(A) = HA^I -1 . In this case, also from Lemma 3.2, 
1 < VlTWf dx(A, 5) + g<| + g, then \\A^\\ < 2\\B% 

□ 
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The following inequality is similar to that of Lemma 3.2, but it is symmetric in A and 

B: 

Corollary 3.4. If A, Be CTZ(H,JC) ; then 

\j{B)-j{A)\ < y/l+i(B)* y/l+j{Ayd x (A,B). 

Proof. By Lemma 3.2, it follows that j(B) —7(A) < \Jl + 7(5) 2 <ix(A, B) and, multiplying 
by 1 < a/1 + 7(A) 2 , we get that 

j(B) - 7(A) < a/I+T^) 2 a/1 + 7^) 2 <fc(A 5). 
The result follows by changing the roles of A and B. □ 

Proposition 3.5. Consider B e CK{H,K) and B' e C{JC,H) such that BB'B = B. Then 

1) 1(B) > j^. 

2) ||St|| < \\B'\\. 

3) IfAe CK{H,K) and A' e C(JC,H) satisfy ANA = A then: 

I) \\B^B-A^A\\ < \\B'B-A'A\\. 

II) \\BB* - AA^\\ < \\BB' - AA'\\. 

Proof. 1): Consider u e H such that u ^ N(B) and write u = (I — B'B)u + B'Bu. Then 
d{u,N(B)) = d(B'Bu,N(B)) < \\B'\\\\Bu\\, so that ^ < d( l B ^ B)) = 7(5), for every 
u £ N{B). Then ^ < 7(5). 2): Since 7(E) = jj™, it follows, from 1), that ^ > 
or ||£t|| < ||B'||. 

3): Both inequalities are particular cases of the following result of Mbekhta [[SH], 1.10]: 
if S, T are closed subspaces of H, P is a projection onto S and Q is a projection onto T, 
then ||P-Q|| > \\P s -Qt\\. 

□ 

We introduce a subset Rk of C1Z(H, K.) which has nice properties, in the norm topology, 
with respect to the Moore-Penrose inverse operation. 
For any positive integer k define 

n k = n k (H,!C) = {Ae C(H,)C) : 7(A) > l/k}. 

It is easy to prove the following properties: 

1) Cn(H,!C) = [j{n k : k E N}. 

2) A e Tl k if and only if A* e lZ k . 

3) For every k e N, the set lZ k is closed. 

Define M = M{H,K) = {A e CK{H,K,) : N(A) = or R(A) = £}, i.e., M consists of 
all injective operators with closed range and of all surjective operators. 
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Theorem 3.6. The set M. consists of all operators which belong to the interior of some TZk-' 

M = |J{intft k : k G N}. 

Proof. If A ^ M then there exist u G N(A) and v G N(A*) such that ||it|| = \\v \\ = 1. Define 
A n = A + {l/n)u®v. Then \\A n - A\\ = 1/n and j{A n ) < 1/n; therefore, A U{int7^ k }. 
Recall that the set of all surjective bounded linear operators and the set of all injective 
operators with closed range are both open with the norm topology. Then, it is easy to prove 
that 7 : M. — > M + is continuous (the reader will find a more general treatment about the 
continuity points of 7 in the next section). Therefore, given A G M. there exist 5 > and 
k G N such that 7(5) > l/k for all B G C(H,JC) with < 5. Thus A G int^ ko . □ 

Remark 3.7. By a known result of perturbation theory ([2E], P8J, the interior of the set 
CTZiH, /C) in £(H, /C) is the set of all semi-Fredholm operators, a class which is much larger 
than M. 

Lemma 3.8. For every A,B G TZk it holds: 

1) \\A^A-B^B\\ < k\\A-B\\; 

2) \aA-BB*\ < k\\A-B\\; 

3) if \\A - B\\ < l/k then - 7(5)1 < \\A - B\\; 

The proof of these facts can be found in [3*d] . 

Corollary 3.9. For every A,B G TZk it holds 
\\A-B\\ <d x (A,B) < {l + k 2 f/ 2 \\A- B\\. 

For B G C(H, /C) consider the polar decomposition B = Vb\B\, where \B\ = (B*B) 1 ^ 2 
and Vb is the partial isometry such that N(Vb) = N(B) and R(Vb) is the closure of R(B). It 
holds that Vb is uniquely determined by these properties. We also consider the reverse polar 
decomposition B = \B*\W, where W is a partial isometry which is uniquely determined by 
the conditions N(W) = N(B) and R(W) = R(B). It turns out that W = V B (see 0U). We 
shall study now the continuity properties of the mappings a : C(H, /C) — > £(/C) + , a(B) = 
\B\,v.£{H,K;)^CK{H,K,), v{B) = V B , and ^ : CK{H,K) CK{)C, H), //(C) = Cl 

Lemma 3.10. For every A,B£ TZk it holds \\A* — B>\\ < 3k 2 \\A — B\\. In particular, the 
function \i : TZk — » C7Z(tC,?{) is Lipschitz. 

Proof. Since 7(C) = HC^I -1 , it holds ||A^|| < k and \\B^\\ < k. The inequality follows 
immediately from from Remark 2.1. 

□ 

The following results establish the continuity points of fi and v. The next theorem is due 
to Labrousse and Mbekhta ([SH], 2.19): 

Theorem 3.11. The mapping fi : C7Z(7-l,IC) — > C7Z(IC,?-C) is continuous at B if and only if 
B is injective or surjective. 



7 



Theorem 3.12. 1) Let B G C(H,JC). If v : C(H,JC) -> C1l(H,)C) is continuous at B then 
B has a closed range. 

2) If B G CIZ{H,IC), then v : CIZ{H,IC) — » CIZ(H,JC) is continuous at B if and only if 
/i : CIZ(H,JC) — > CIZ(JC,H) is continuous at B. 

S) If B E CTZ(Tl,)C) ! then v : CTZ(Tl,K.) — » CIZ(Ti,,)C) is continuous at B if and only if 
B is injective or surjective. 

Proof. 1): Suppose that 5 G C(H,IC), and P(P) is not closed. In this case 7(5) = 0, so 
that, given e > there exists x G N(B) 1 - such that ||x || = 1 and ||-Bx || < s. Consider 
the orthogonal projection P onto the subspace spanned by x , Px =< x,x > x , for 
x G H. If B = \B*\V B , define W = V B (I - 2P) and B = \B *\W. It is easy to see 
that W is a partial isometry such that R(W) = R(Vb) = R(B) so that Vg = W\ also 
= \\\B*\(V B -W)\\ = \\\B*\(2V B P)\\ = 2\\BP\\ < 2s. But ||Vb-W|| = 2||2VbP|| = 2 
which proves that v is not continuous at B. 

2) : Suppose first that v : CJZ(TC, JC) — > CTZ(H, K) is continuous at I? and let lim^oo \\B n — 
B\\ =0. Then, by hypothesis, lim^^ \\V Bn - V B \\ = 0, and also lim^^ || V B V Bn - V^V B \\ = 
0. But V^V Bn = I-P N{Bn ) and V£V B = I-P N (B), so that lim,,^^ d N (B n , B) = 0. Applying 
Remark 2.1 we get ||St _ £t|| < (||5t||||5t|| + ||5tf + ||5+|| 2 )||5 n - Moreover, since 
dN(B n ,B) — > 0, applying Corollary 3.3, consider n such that dN(B n ,B) < — , 1 , then 

2-y 1+||ST ||2 

\\Bl\\ < 2\\B*\\ so that ||£t-£t|| < K\\B^\\\\B n - B\\ ^=^0. The converse is obvious from 
the identity v{B) = V B = (B*Y\B\. 

3) : It suffices to combine part 2) with the theorem by Labrousse and Mbekhta ([33 , 
Th.2.19). □ 



Remark 3.13. Many perturbation results on the Moore-Penrose inverse can be found in 
the papers by P. O. Wedin [IE], G. W. Stewart and S. Izumino [SI]. See also the book 
by Ben-Israel and Greville (7j. 

4 CK(TL, JC) with the d x topology 

In this section we study the topological properties of CTZ(H, /C) with the metrics dx and the 
continuity of fi, a and v with the topology induced by them. We also state several equivalent 
conditions to the convergence of a sequence B n with dx- 

As a corollary of Lemma 3.2 we have that 
Proposition 4.1. The set CTZ(H,JC) is open in (C(TC,JC),dx)- 

Proof. Let B G CK(H, K) and consider A G C(H, K) such that d x (A, B) < 2 ^^ } (B)2 i then, 
applying Lemma 3.2, 7 (A) > ^ > 0, so that A G CK(H, JC). □ 

We start the study of the continuity properties of /z, v and a with the metrics dx- Observe 
that the continuity of a is obvious for both the norm topology and the topology induced by 
d x - 
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Theorem 4.2. The mapping \i : (C1Z(H,)C),dx) — > (CTZ(TC,JC), || ||) is continuous. 

Proof. From Remark 2.1 \\A* - B*\\ < (||A+||||St|| + \\A^\\ 2 + H^tf) ||A - B\\. Then, from 
Corollary 3.3, it follows that, if d x (A,B) < ^-j=^== then \\A*\\ < 2\\B^\\ 2 . Thus, \\A* - 

B'\\ < K\\A — B\\, for a constant K that depends only on ||-B'||. □ 



Corollary 4.3. The mapping 7 : (ClZ(Ti.,)C),dx) — > IR + is continuous. 

Proof. The well known formula j(T) = ||Tt|| _1 , combined with the theorem above, proves 
the assertion. 

□ 

Remark 4.4. The mapping 7 : (CTZ(Tt,JC), || ||) — > M + is upper semicontinuous and 7 is 
continuous at B G CTZ(H., /C) if and only if B is surjective or injective. A proof of these facts 
can be found in [33], [29] and [30]. 



Theorem 4.5. The mapping v : (C7Z(H,]C),dx) — > (CTZ(TC, JC), || ||) is continuous. 

Proof. By the properties of the polar decomposition, v(B) = Vb = (B*Y\B\ so that the 
continuity of v follows from the continuity of a mentioned before and that of [i proved in 
Theorem 4.2. 

□ 

As a corollary we obtain the equivalence between dn and d^: 

Corollary 4.6. The identity map id : (CTZ(H.,)C),dx) — ► (CTZ(7i, JC), dy) is continuous. 

Proof. Suppose X = R and Y = N. Then from Theorem 4.2 the mapping /i : (CTZ(7i, /C), da) 
(CTZ(TC,JC), || ||) is continuous. Then given e > there exists 5 > such that ||-Pjv(A) — 
P N(B) \\ = \\A^A - B*B\\ < \\Ai\\\\A - B\\ + \\A^ - B^\\\\B\\ < e if d R (A,B) < S. The case 
X = N and Y = R is analogous. 

□ 



Corollary 4.7. The mapping \i : (C1Z(H,)C),dx) — > (CTZ()C,?i),dY) is continuous. 

In [31], S. Izumino extended several known results on the continuity of the map fi : A 1— > 
At on matrices to closed range operators between Hilbert spaces. In particular, he proved 
that, if A n , A G C7Z(H., K) and \\A n — A\\ ^ then the following conditions are equivalent: 

1) |L4t -At||-0; 

2) ||A n At -AA\\ ^0; 

3) || At A n - A*A\\ - 0; 

4) sup < 00. 

These results have been rediscovered many times and several authors have found other 
equivalent conditions. As a sample, let us mention two, one discovered by Mbekhta |HZj (condition 
5) and the other found by Chen, Wei and Xue 

5) 7(^)^7(4; 

6) for n large it holds R(A n ) n N(A*) = 0. 

In the next theorem we collect these and other equivalent conditions. 
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Theorem 4.8. Let B e CTZ(H,fC) and {S„}„ eN be a sequence in C7Z(H,JC). Then the 
following conditions are equivalent: 



i) 

a) 
m) 

iv) 
v) 
vi) 
vii) 

viii) 
ix) 
x) 
xi) 
xii) 
xiii) 



im^oo d N (B n , B) = 0. 
inio-too d R (B n , B) = 0. 
im^oo d N (Bl , B*) = 0. 
im^oo d R (Bl , St) = 0. 

3 \\B n - B\\ = and lim^ ||flt - flt|| = . 



lm, 



im^oo ||S n — B\\ = and there exists M > such that for n large enough, ||St|| < M. 

inin^oo \\B n — B\\ =0 and there exist M > and B' n e C1Z{1C, Ti) such that B n B' n B n = 
B n and \\B'J < M. 

im^oo ||S n — B\\ = and there exists K > sncn that for n large enough j(B n ) > K . 

im^oo ||S„ - B\\ =0 and Hindoo j(B n ) = j(B). 

inin^oo \\B n — B\\ =0 and for n large enough, 7i = N(B n ) + R(B^). 

im^oo \\B n — B\\ = 0, and for n large enough cq(R(B^) , N (B)) < 1 . 

inin^oo \\B n — B\\ =0 and for n large enough N(B) = (I — B^ B)N(B n ) . 

im^oo \\B n — B\\ =0 and for n large enough R(B n ) n iV(St) = {0}. 



Proof, i) <-> ii) and iii) <-> iv) follow from Corollary 4.6. 

i) — > iii) is a consequence of Corollary 4.7. On the other hand, since (St)t — we have 
that iv) — > ii). Then i), ii), iii) and iv) are equivalent. 

i) -> v): if d 7V ( J B JV , S) -> then ||S„ - B\\ -> 0, and, from i) — ► iii), djv(St, £t) -> 0, 
so that H^t - St || -> 0. 

v ) observe that HP^j-^bjII = ||StS n -StS|| < ||St || ||S„-S|| + ||St-St|| ||S|| 

which tends to zero if B n — > S and St — > St. 

v) -> vi): Since ||St - St|| -> there exists M > such that ||St|| < M. 

vi) — > v) follows from the proof of Theorem 4.2. 

vi) -> vii): Take B' n = Bl 

vii) -> viii): If S; satisfies B n B' n B n = B n and ||S;|| < M, for M > 0, applying 1) of 
Proposition 3.5, 7(S n ) > > ^. 

vi) <-> viii) because j(B) = ||St|| _1 . 

v) — > ix) follows from the continuity of || || and f(x) = x^ 1 in R — > 0. 
ix) -> viii): If *y(B n ) -»• 7(S), let M > such that 7(B) > M, then 7(S n ) > M/2 for n 
large enough. 

Then, i), v), vi), vii), viii) and ix) are equivalent. 

The equivalence between i), x), xi) and xii) follows from Proposition 2.4. 
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xii) — > xiii): suppose that xii) holds and consider y G R(B n ) fl N(B^). Then y = -B n x, 
for x E H, and £t y = = 0, so that B(I + B*(B n - B))x = Bx + BB\B n - B)x = 
BB ] B n x = 0. Therefore, (J + B\B n - B))x G N(B). Since N(B) = (I - B*B)(N(B n )), 
there exists w G JV(.B n ) such that (7 + - = (J - £t£)i/; = [J + B\B n - B)\w. 
But, for n large enough, J + B^(B n — B) is invertible and then x = w G N(B n ). In this case 
y = fi n x = so that xiii) holds. 

xiii) — > vii): If _B n — > 5 then, for n large enough, the operators Gi — I + B\B n — B) 
and G 2 = I + {B n -B)B^ are invertible. Set A n = G^ l B^ = B^G^ 1 . Then N{A n ) = N(B*), 
R(A n ) = R(B^) and \\A n \\ < 2\\B*\\, if \\B n - B\\ < ^p^. Since B^BGi = B^B n , we 

have that B*B = B^B n G^\ Therefore, B* = B^BB^ = B^B n G^B^ = B^B n A n . Hence, 
A n B n A n = G^ l B^B n A n = G^B^ = A n and then A n B n A n = A n . On the other hand, if 
x G H, y n = (B n - B n A n B n )x = B n (I - A n B n ) G R{B n ) and y n = (I — B n A n )B n x G 
N(A n ) = N(B^). Then y n G R(B n ) n N(B*) = {0} so that B n = B n A n B n and A n is a 
generalized inverse of B n , such that ||A n || < 2||£t||. 

□ 

Remark 4.9. By interchanging iV with R, many other equivalent conditions can be added. 
Observe also that the angle condition can be stated in a uniform way, in the sense that there 
exists c, < c < 1 such that Cq(N (B) , R(BD) < c for n large enough. On the other hand, 
the hypothesis of the theorem can be relaxed using the fact that (C1Z(TI, /C), dx) is an open 
set of (C(H, K), d x )- In fact if d x (B n , B) — > and B has closed range, then every B n , for n 
large enough, has also a closed range. 



5 C7Z(H, JC) as a homogeneous space 

This section is devoted to study a homogeneous structure on CTZ(1~C, JC). For this, consider 
the action L : Q K x Q n x CK(H, JC) -> Cft(ft, /C) defined by 

L((G,H),A) = L(g,h)A = GAH-\ 

where G e Gk, H e Gh, and A G Cft(ft, /C). 

For any A G C1Z(H, JC), the orfrri of A by the action L is 

A = {GAH- 1 :Geg K ,Heg H }. 

Observe that Oa = Ob if 5 G O^, because each orbit is an equivalence class: two operators 
are equivalent if they belong to the same orbit. By elementary spectral theory, the groups 
Qn and Gk are connected, moreover they are path connected. Therefore, each orbit Oa 
is path connected. We are going to prove that Oa is the connected component of A in 
(CJl(H,JC),d x ). 

The group Uk. x Uh ac ts on VI by restriction of the action L. More precisely, V : 
Uicxl( H xVl -> PJ, defined by 

l'((c/, wo, v) = [/yr, c/, g ^ g w w , v g pj, 
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is a left action on VI. The orbits for this action are called unitary orbits. Thus, the unitary 
orbit of V G VI is the set 

UO v = {UVW* :U EU K , We U H }. 

The next results characterize the orbits of CTZ(H, JC) and VI. For k, £, m G N U {0, 00} 
such that k + £ = 00 and £ + m = 00 define the sets 

A kArn = {Ae CK(n,K) : dim N(A) = k, dim R(A) = £, codimR(A) = m}, 

Vk,i,m — {V G VI : dimiV(V) = k, dimR(V) = £, codimR(V) = rn}. 

Theorem 5.1. Let 7i and JC be infinite dimensional separable Hilbert spaces, and let A G 
Ak,i, m and V G V k ,i, m . Then O a = A k ,e, m and UO v = V k ,£, m . 

Proof. Consider A,B e A kAm . Then dim R(A) = dim R(B) so that dim N(A) 1 - = dim N(B)~ 
and there exists an isomorphism U : N(A) 1 - — > N(B)- 1 -. Consider W : R(A) — > R{B) defined 
by W = BUA' 1 where A' 1 = ( A\ N(A) ± y 1 : R(A) -> A^(A)- 1 . Then is an isomorphism. 
Since codimR(A) = codimR(B), there exists an isomorphism V : R{A)- L — > R{B)- L . Define 
G = WPr(^)+V(/-Pr(a)); it holds G G In the same way, since dim JV(^) = dim JV(.B), 
there exists an isomorphism U' : N(A) — > N(B), and if if = UPru*) + ^"'(-f — -Pr(a*))> 
then # G W . Finally, GAr = WP^Ac = WAx = Bt/A" 1 ^ = BUP R{A *)X = 
B{UP R{A *)X + U'(I - Pr { a*)x) = BHx, because U'(I - Pr{ A *))x G N(B), for all x G H. 
Therefore GA = BH, or, GAH^ 1 = B, as claimed. 

Conversely, if B G O a , then there exists G E Qk: and if G ^ such that GA = BH. 
Then G(R(A)) = R(B) and H(N(A)) = N(B). Also A*G* = H*B\ so that i?(5) ± = 
G* (R^A)^). The proof for the partial isometries is analogous. □ 

An operator B G ClZ(Ti,,K.) is called semi-Fredholm if dim iV(I?) is finite or codimR(B) 
is finite. Denote SF + = {T G CTZ{H : K) : dim iV(T) < 00} and = {T G CK(H,}C) : 
dimR(T) < 00}. For fc < 00 or m < 00, denote SF fcim = {B G CK{H,K) : dim JV(.B) = 
fc, codimR(B) = m}. 

For Z? G S*F, the set of all semi-Fredholm operators in L(7i, /C), define the index of B 

md{B) = dim N(B) - codimR(B). 

As it was pointed out in Remark 3.7 the interior of the set CTZ(H., JC) with the norm topology, 
in C(TC,JC), is exactly SF. On the other hand, the set SF is dense in C(TC,JC), with the 
norm topology: in fact, the set A4, defined in Section 3, verifies M. C SF C C(H,JC) and 
M. is dense in £(H,JC), (see |?7]). Observe that, a fortiori, CTZ(Tl,JC) is dense in £(H, JC). 

The connected components of SF are JF n = {B G S-F : ind(5) = n}, with n G Z U 
{—00, +00}, (see [ID])- Moreover, the boundary of T n in £(7i, /C), 9jF n , does not depend on 
n. In fact, it coincides with C(TC, JC) \ SF, see |3*7j . 

Remark 5.2. If A G 5F fe)m then O a = SF Km . 
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The next two results provide other characterization of Oa- Both are based in techniques 
used in |I3] and [H] , where the main goal is the study of the congruence orbit of a positive 
operator. 

Proposition 5.3. Let A,Be CTZ(7i, JC) ; consider the (reverse) polar decompositions of A 
and B, A = \A*\Va, B = \B*\Vb- Then the following statements are equivalent: 

i) Be O a ; 

ii) Pr{b) eUO Pr{A) and P R{B *) EUOp R(An ; 
in) V B eUO VA . 

Proof. i)=> ii) If B G O a then there exist G G Q/c,B G Q n such that B = GAH^ 1 . 
Then R(B) = GR(A). Applying Theorem 3.1 of [21, there exists U G U K such that R(B) = 
UR(A) (and then R(B) ± = U^A) 1 )). Let Q = UP R(A )U*; then Q G £(/C)is the orthogonal 
projection onto R(B), i.e., Q = Pb,{b) G UOp R , By In a similar way, since B* = H~ U A*G* 
there exists W G U H such that R(B*) = WR{A*). Then P R[B *) = WP R(A *)W* so that 
P R{B ^EUO PR{An . 

ii) i) Conversely, suppose that, for B G C7Z(H,JC), P R (b) G UOp R{A) and P R ( R *) G 
UOp R{A , y Then there exist U eU K ,W eU H such that UP R(A )U* = P R{B ) and WP R[A *)W* = 
P R{B *)- Consider G = A^U*B + (I-P R{A *))W*; it holds U AG = UP R{A) U*B = P R[B )B = B. 
It is easy to see that if H = B^UA + W(I - P R{A *)) then H = G~ l . Therefore, B G Oa- 

i) <^=^ iii) In the same way, it is easy to see that if V, V G VI, then V G UOy if and 
only if P R(V) G UO Pr{Vo) and P R{V *) G UOp R{v , y But P R{ y B ) = Pr{b) and P R ( V *) = Pr(b*)- 
Using again part i) it follows that B G Oa if and only if V B G UOy A . 

□ 

Corollary 5.4. If A E C1Z(H,1C) has polar decomposition A = \A*\Va then Oa = Oy A . 

Proof. Consider G = \A^\ + 1 - P R{A) . Then G G Q K , G' 1 = \A*\ + 1 - P R{A ) and also 
GA = V A ; therefore, V A G O a , so that O a = Va . □ 



For a fixed A G CTZ(H, /C), consider the mapping : CTZ(H, /C) — > Vic x Vn defined by 
<f(B) = ( Vl (B), MB)) = (BB\B*B) = (P R{B ), Pr(b*)). 
Then we have the following fact: 

Proposition 5.5. The image of (f is the product UOp R{A) x UOp R{At) . 

Proof. By the above proposition (p(Oa) C UOp R{A) x UOp R(A , y Conversely, if (P,Q) G 
UO Pr{A) x UO P there exist U G U K , W G U n such that P = UP R ^ A )U* and Q = 
WP R(A *)W*. Let B = UAW*; then B G O a , 5 f = WA^U*, P R(B) = P and P R[B *) = Q. 
Therefore, (P,Q) = <p(B). □ 
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Consider also the mappings 

tta : Qk x Q h -> Oa, 7t a (G, ff) = L (G)if) ^ = AGH~\ G e Qk, H e Q H 

and 

: G K x G w — > UO Pr(A) x UOp R(An , U A (G, H) = (P G (r(a)), Pn^iA))- 1 -), 

Geg K ,He Q n . 

It is apparent that the following diagram is commutative: 

£k x Qh Oa 

Ha \ 

UO Pr(A) X ZY0p w 

Notice that with the norm topology on Oa, the mapping is not continuous and n A 
does not have continuous local sections. However, the following result permits a finer un- 
derstanding of the structure of each orbit. 

Proposition 5.6. The mapping <p : (Oa, d R ) — > UOp R(A) x UOp R{At) is continuous. 

Proof. The result follows from the equivalence of dp and d^ stated in Corollary 4.6. □ 

Proposition 5.7. The map tta '■ (Qk x Qh, II II) — > (OA,d R ) is continuous and it admits 
continuous local cross sections. 

Proof. Observe that the continuity of it a '■ (Qk x Qh,\\ II) ~~ * (OA,d R ) is equivalent to 
the continuity of tia '■ (Qk x Qh, || ||) — > (Oa, \\ ||), which is evident, and that of Ha : 
(Qk x Q H , II II) -> (UO Pr(A) x UO Pr{A ^ || ||). The orthogonal projection onto G(R(A)) is 
given by the formula 

Pg(r{A)) = GP R ( A )G~ l (GP R (A)G 1 )*(I — (GPp(A)G 1 — (GPr^G" 1 )*) 2 )" 1 , 

this shows that Pg(r(A)) depends continuously on G, see 0. In the same way the or- 
thogonal projection onto H(N(A)) ± = H^ 1 (N(A) ± ) depends continuously on H; therefore 
U A {G,H) = (P G{N(A )),P H ( N (A))^) is continuous. 

In order to prove that tta admits local cross sections, observe that there exists a neigh- 
bourhood Af of A in Oa, such that if B e TV and 

a(B) = (Bti + (I- P R{B) )(I - P R{A) ), P Rm P R m + (I- Pr(b*))(I ~ Pr { a*))) 

then o : (J\f,d R ) — > Qk x Qh is continuous. Also tia(o~(B)) = B, for all B e M. See 2.1 of 
[2| for details. Therefore a is a continuous local cross section of tia in J\f. □ 

Remark 5.8. Suppose that the topological group Q acts over the topological space X on 
the left, with the property that each xq G X has a open neighborhood W with a continuous 
section a : W — > £ of Tr^ (here tt X0 (G) = G ■ x = L G x for each G E Q). Then every 
orbit O xo = {L g xq : G E Q} is open and closed in X; it is open because of the existence 
of the local section a, and if every orbit is open the it is automatically closed. From these 
comments, the next two results follow easily. 
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Corollary 5.9. The connected component of A in (CTZ(TC,JC), d x ) is Oa- 



Corollary 5.10. For every A G CTZ(7i, K), the orbit Oa, with the dx-topology, is a homo- 
geneous space of Q H x Q K . 

We finish the section with a computation of the distance between different orbits. Mbekhta 
and Skhiri [101, following the characterization of Halmos and McLaughlin [2H| of the compo- 
nents of VT(TL, JC), have computed the distance between the orbits of VI with the operator 
norm. Here we follow the same program for the orbits of CTZ(H, /C) with the d R and d^ 
metrics. 

Theorem 5.11. Consider A,B<E CK(H,)C) such that B (£ O a . Then 
d R (0 A ,0 B )-- 



if dim R(A) = dim R(B) and codimR(A) = codimR(B), 

1 if dim R(A) ^ dim R(B) or codimR(A) ^ codimR(B). 



Proof. First observe that d R (0 A ,0 B ) = mf{\\P R{A ') ~ Pr(b>)\\ A' G O a ,B' G O b }\ in fact, 
if d = ml{\\P R{A >) - Pr(b>)\\ A' G O a ,B' G O b }, it holds d < d R (0 A ,0 B ). To prove 
the converse inequality consider e > 0, then there exist A' G Oa and B' G O b such that 
d < H-Pr(A') _ Pr{B')\\ < d + e. Consider 

^4. — — — ■ — : . — — cLllcl B == — ~ — ; — ~ : . ~~ — rrr~ B . 

2(11^11 + 11^11) 2(11^11 + 11^11) 

Then A" G O a and B" G O b ; also d 2 R {A",B") = \\A" - B"\\ 2 + \\P R{A ») - Pr(b»)\\ 2 < 
^ + (d + e) 2 < d 2 + ek, for a constant k. Therefore d R (OA, O b ) < d. 

Suppose that dim R(A) = dim R(B) and codimR(A) = codimR(B). Therefore dim N(B) ^ 
dim N(A). Define B' G l{h,K) as follows: N(B') = N(B), B'\ N{B) x : N(B) 1 - -> R(A) is an 
isomorphism. Then R(B') = R{A) so that B' G CTZ(7i, JC); moreover B' G O b , by its con- 
struction, and Pr(b') = Pr(a)- Therefore, d R (OA,0 B ) = 0, by the remark at the beginning 
of the proof. 

If there exist A' G Oa and B' G O b such that ||Pr(a') — Pr{B')\\ < 1 it easily follows that 
dim R(A') = dim R(B') and codimR(A') = codimR(B'). Then if dim R(A') ^ dim R(B') 
or codimR(A') ^ codimR(B'), it holds ||Pr(a') — -Pr(b')II = ^ anc ^ ^he theorem follows. □ 



Corollary 5.12. Consider A, B G CK{H,1C) such that B <£ O a . Then 
d N (0 A ,0 B )-- 



if dimiV(A) = dim N(B) and codimN(A) = codimN(B), 

1 if dimiV(A) ^ dim N(B) or codimN(A) ^ codimN(B). 



Proof. The result follows easily applying Theorem 5.11 to A* and B* and observing that 
d N (A,B) = d R (A*,B*). □ 

Remark 5.13. It is possible to estimate the <ix-distance between unitary orbits of partial 
isometries, using the results obtained in [321 by Mbekhta and Skhiri to compute the distance 
between these orbits, with the operator norm. 
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6 The set CH S 



In this section S is a fixed closed subspace of /C and CIZs denotes the subset of C7Z(H, JC) 
of all operators with range S. 

Observe, first, that CIZs = ^^^({Ps}), where y?i(P) = BB^ . Also the metric cLr obviously 
coincides with the metric given by the uniform operator norm on CIZs because R(A) = 
R(B) = S for every A, Be CTZg. In what follows, Q$ shall be identified with the subgroup 
of Qk consisting of all operators in C(JC) of the form G'(x + y) — Gx + y, for G G Qk and 
x G S,y G S- 1 . Consider the restriction of the action L, defined in Section 5 

L s :Q s xg n x C1Z S -> C1Z S 

((G, H),B) — > GBH^ 1 

where G eQs, H e Q n and B G C1Z S . 

For B G CIZs-, denote by Ob,s the orbit of B given by the action L$, i.e., 

O b ,s = {GBH- 1 :GeQ s ,He QhY 

obviously, Ob,s is a subset of Ob- 

Proposition 6.1. Consider B G CTZ S . If dim N(B) = k G N U {oo}, then 

B , S = {C e CK S : dimAT(C) = k}. 

Proof. If C G C^ 5 and dimiV(C) = k then C7 G C B : in fact di mj R(C) = dimS = dim 
and codimR(C) = codimiS = codimR(B). Therefore there exist G G Qk. and H G Qu such 
that C = GBH- 1 . Observe that = R{C) = S and defined if G' = GP + 1 - P, where 

P = P 5 , then G" G and C = G'BH~\ which shows that C G 

Conversely, if C G 0_b,5, it follows that C G Ob so that, by Proposition 4.1, dimiV(C) = 

jfe. 

□ 

Observe that 

a(C) = (CB^ + I-P, Pr ( c*)Pr(b*) + (I - Pr(c*))(I - Pr(b*)) 

is a continuous local cross section in a neighbourhood of B G CIZs, (see the proof of Propo- 
sition 5.10), because (In defines the norm topology in CIZs- 

In what follows we characterize CIZs as a product space of two homogeneous spaces; this 
characterization naturally induces a different structure of homogeneous space on CIZs- 

For A G £(/C) + the Thompson component of A is defined as 

C A = {B G £(/C) + : A < f3B and B < aA, for ot,/3 > 0}. 

This notion, introduced by A. C. Thompson has been extremely useful in the analytical 
study of cones in Banach spaces. The reader is referred to the paper by R. Nussbaum 
for many applications of Thompson components. 

If A G C1Z(K) + has closed range, then C A = {B G £(£)+ : R(B) = R(A)}, see [H], 
so that the component of A only depends on the range of A. Observe that the map // is 
continuous on each component Ca- 

Denote VZ S = {V G Cft(ft, K) : VV* = P} where P = P s , i.e., VZ S is the set of partial 
isometries with fixed range S. 
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Proposition 6.2. CTZs is homeomorphic to Cp x Vis ■ 

Proof. Let B G CTZs and let B — |JB*|V be the reverse polar decomposition of B. Then 
R(V) = R(\B*\) = S, so that V G VI S - 

Define / : CTZ S -> C P xVI s , f(B) = {\B*\, \B*\^B). Then / is continuous because G 
Cp and the Moore-Penrose pseudoinverse is continuous on every Thompson component. 
Observe that, for every A G Cp,V G Vis it holds f~ l {A,V) = AV, which is continuous. 
Then / is a homeomorphism which allows the identification of both sets. □ 

The subsets Cp and Vis of C1Z(JC) and C7Z(H, /C), respectively, have been both studied as 
homogeneous spaces of certain subgroups of Qic, and Qh, resp., see [13], [!]■ More precisely, 
the subgroup Qs defined before, is a subgroup of Qjc acting on Cp: define L\ : Qs x Cp — ► Cp, 
Li(G,B) = GBG*, G G £?s, £> G Cp. The unitary group U-h acts on Vis'- define L 2 : 
W w x PJ 5 -> PJ 5 , L 2 {U, V) = VU*, V G VI S , U G W w . The pairs (GsXp) and {U H ,VI S ) 
are both homogeneous spaces (see [T3], [T3], [T], [2]). 

Then CTZs admits a natural structure of homogeneous space of Qs x W^: considering the 
identification of CTZs with Cp x Vis and define the action 

L' : (fo x W w ) x (Cp x PX 5 ) -> Cp x KZs 

by 

L'((G,C/),(A, V) = L{ G>U) (A,V) = (Li(G,A),L 2 (U,V)) = (GAG*,VU*), 

for G G Qs, U G Wh, (A, V) G Cp x PX^. The action L' is locally transitive because L x 
and L 2 are both locally transitive. In fact, since L\ is transitive on Cp, the orbit of a pair 
[B, V) G Cp x PX5 is Cp x Oy, where 0y is the orbit of V by the action L 2 . In fact: 

Proposition 6.3. Consider B G CTZs with dim N(B) = k. Then the orbit 0' B of B by the 

action V coincides with Op,s- 

Proof. Consider C G 0' B = C\b*\ x Oy B . Then, there exist G G Qs and U EU such that C = 
G\B*\G*V B U*. It is easy to see that N(C) = UN(B), so that dimA^(C) = dimN(B) = k. 
The converse follows as in Proposition 5.1. □ 

Fix the pair (P, W) G C P x Vis and define 

n:QsxU n ^Cpx Vis, tt(G, U) = L[ GjU) {P, W) = (GPG*, WW), 
for G G Qs, U G U-h- 

The map 7r admits local cross sections. In fact, let (B,V) G Cp x PX5; there exists a 
neighbourhood Af of W in VI S such that = (5 1/2 + / - P, V*W + (I - V r *V r )(J - 

W*W)), is well defined, a : C P xAf ^ QsxU n andn(a(B,V)) = (B,V), for (B, V) G C P xM 
(see |2j for details). 

Remark 6.4. The homogeneous structure is extremely useful in the differential geometry 
of the orbits and also of CTZs- This study will be done elsewhere. 



17 



References 

[1] Andruchow, E., Corach, G., Differential geometry of partial isometries and 
partial unitaries, Illinois Journal of Mathematics 48 (2004), 97-120. 

[2] Andruchow, E., Corach, G., Mbekhta, M., On the geometry of generalized 
inverses, Mathematische Nachrichten 278 (2005), 756-770. 

[3] Andruchow, E., Corach, G., Stojanoff, D., Projective spaces of a C*-algebra, 
Integral Equations and Operator Theory 37(2000), 143-168. 

[4] Atkin, C. J., The Finsler geometry of groups of isometries of Hilbert space, J. 
Austral. Math. Soc. Ser. A 42 (1987), 196-222. 

[5] Atkin, C. J., The Finsler geometry of certain covering groups of operator groups, 
Hokkaido Math. J. 18 (1989), 45-77. 

[6] Atkinson, F. V., On relatively regular operators, Acta Sci. Math. Szeged 15 
(1953), 38-56. 

[7] Ben-Israel, A., Greville, T. N. E., Generalized inverses. Theory and applications 
(second edition), Springer- Verlag, New York, 2003. 

[8] Bouldin, R., The product of operators with closed range, Tohoku Math. J. (2) 
25 (1973), 359-363. 

[9] Bouldin, R., Closed range and relative regularity for products, J. Math. Anal. 
Appl. 61 (1977), 397-403. 

[10] Caradus, S. R., Pfaffenberger, W. E., Yood, B., Calkin algebras and algebras 
of operators on Banach spaces, Marcel Dekker, New York, 1974. 

[11] Chen, G., Wei, M., Perturbation analysis of the least squares solution in Hilbert 
spaces, Linear Algebra Appl. 244 (1996), 69-80. 

[12] Corach, G., Operator inequalities, geodesies and interpolation, Functional Anal- 
ysis and Operator Theory, Banach Center Publications 30 (1994), 101-115. 

[13] Corach, G., Maestripieri, A., Differential and metrical structure of positive op- 
erators, Positivity 3 (1999), 297-315. 

[14] Corach, G., Maestripieri, A., Stojanoff, D., Orbits of positive operators from a 
differentiable viewpoint, Positivity 8 (2004), 31-48. 

[15] Corach, G., Porta, H., Recht, L., Differential geometry of spaces of relatively 
regular operators, Integral Equations and Operator Theory 13 (1990), 771-794. 

[16] Corach, G., Porta, H., Recht, L., Differential geometry of systems of projections 
in Banach algebras, Pacific Journal of Mathematics 143 (1990), 209-228. 



18 



[17] Corach, G., Porta, H., Recht, L., The geometry of spaces of projections in 
C*-algebras, Advances in Mathematics 101 (1993), 59-77. 

[18] Corach, G., Porta, H., Recht, L., The geometry of the spaces of selfadjoint 
invertible elements of a C*-algebra, Integral Equations and Operator Theory 
16 (1993), 333-359. 

[19] Deutsch, F., The angle between subspaces in Hilbert space, in "Approximation 
theory, wavelets and applications" (S. P. Singh, editor), Kluwer, Netherlands, 
1995, 107-130. 

[20] Ding, J. and Huang, L. J., On the continuity of the pseudoinverse, Linear 
Algebra Appl. 262 (1997), 229-242. 

[21] Dixmier, J., Etudes sur les varietes et operateurs de Julia, avec quelques appli- 
cations, Bull. Soc. Math. France 77 (1949), 11-101. 

[22] Dixmier, J., Sur les varietes J d'un espace de Hilbert, J. Math. Pures Appl. (9) 
28 (1949), 321-358. 

[23] Douglas, R. G., On majorization, factorization, and range inclusion of operators 
on Hilbert space, Proc. Amer. Math. Soc. 17 (1966), 413-415. 

[24] Fillmore, P. A., Williams, J. P., On operator ranges, Advances in Math. 7 
(1971), 254-281. 

[25] Goldberg, S., Unbounded operators, theory and applications, Dover, New York, 
1985. 

[26] Gramsch, B., Relative Inversion in der Storungstheorie von Operatoren und 
^-Algebren, Math. Ann. 269 (1984), 27-71. 

[27] Halmos, P. R., A Hilbert space problem book, 2nd. ed., Springer Verlag, New 
York (1982). 

[28] Halmos, P. R., McLaughlin, J. E., Partial isometries, Pacific J. Math. 13 (1963), 
585-596. 

[29] Harte, R., Mbekhta, M., On generalized inverses in C*-algebras, Studia Math. 
103 (1992), 71-77. 

[30] Harte, R., Mbekhta, M., Generalized inverses in C*-algebras. II, Studia Math. 
106 (1993), 129-138. 

[31] Izumino, S., Convergence of generalized splines and spline projectors, J. Approx. 
Th. 38 (1983), 269-278. 

[32] Kato, T., Perturbation theory for linear operators (second edition), Springer- 
Verlag, Berlin-Heidelberg-New York, 1976. 



19 



[33] Labrousse, J.-Ph., Mbekhta, M., Les operateurs points de continuity pour la 
conorme et l'inverse de Moore-Penrose, Houston J. Math. 18 (1992), 7-23. 

[34] Lang, S., Introduction to differentiable manifolds (second edition), Springer- 
Verlag, New York, 2002. 

[35] Maestripieri, A. On the geometry of the set of square roots of elements in C*- 
algebras, Integral Equations Operator Theory 19 (1994), 290-313. 

[36] Mbekhta, M., Resolvant generalise et theorie spectrale, J. Operator Theory 21 
(1989), 69-105. 

[37] Mbekhta, M., Conorme et inverses generalises dans les C*-algebres, Canadian 
Mathematical Bulletin 35 (1992), 515-522. 

[38] Mbekhta, M., Sur la structure des composantes connexes semi-Fredholm de 
B(H), Proc. Amer. Math. Soc. 116(1992), 521-524. 

[39] Mbekhta, M., On the stability of semi-Fredholm operators, J. Operator Theory 
35 (1996), 191-201. 

[40] Mbekhta, M., Skhiri, H., Partial isometries: factorization and connected com- 
ponents, Integral Equations Operator Theory 38 (2000), 334-349. 

[41] Nussbaum, R. D., Hilbert's projective metric and iterated nonlinear maps, Mem. 
Am. Math. Soc. 391 (1988). 

[42] Porta, H, Recht, L., Minimality of geodesies in Grassmann manifolds, Proc. 
Amer. Math. Soc. 100 (1987), 464-466. 

[43] Raeburn, I., The relationship between a commutative Banach algebra and its 
maximal ideal space, J. Functional Analysis 25 (1977), 366-390. 

[44] Reed, M., Simon, B., Methods in modern mathematical physics. Functional 
analysis, Academic Press, New York, 1972. 

[45] Skhiri, H., Structure of semi-Fredholm operators with fixed nullity, Acta Sci. 
Math. (Szeged) 63 (1997), 607-622. 

[46] Stewart, G. W., On the perturbation of pseudo-inverses, projections, and linear 
least squares problems, SIAM Rev. 19 (1977), 634-662. 

[47] Thompson, A. C, On certain contraction mappings in a partially ordered vector 
space, Proc. Am. Math. Soc. 14 (1963), 438-443. 

[48] Wedin, Per-Ake, Perturbation theory for pseudo-inverses, BIT 13 (1973), 217- 
232. 



20 



